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Parametric Quadratic Programming Method for Dynamic
Contact Problems with Friction
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Based on the parametric variational principle, a general but effective parametric quadratic programming
technique satisfying various contact conditions is established for dynamic analysis of contact problems with
friction and damping. The discretization with respect to time and space leads to a static linear complementary
problem (LCP) for each time step which is solved by a quadratic optimization algorithm such as the Lemke
algorithm, etc. Thus, the convergence and numerical stability of the solution can be guaranteed. The substruc-
ture condensation technique is implemented to handle the unknown contact boundary condition so that the
computation effect is considerably reduced. As an application of the method presented, three dynamic contact
examples and numerical results are given.

I. Introduction

C ONTACT problems are of great importance in engineer-
ing applications. Because of the inherent nonlinearity of

contact problems, they are generally difficult to solve analyti-
cally. Numerical solutions using the finite element method
seem to be an attractive alternative. Significant efforts are
devoted to the development of efficient algorithms.

This study is concerned with the numerical analysis of a
class of problems in contact dynamics in which friction and
damping effects are taken into account. The finite element
method is used herein to analyze the dynamic behavior of
elastic contact bodies. Time-dependent contact regions exist
for the dynamic contact process. Numerical algorithms are
necessary to calculate all time-dependent quantities during this
process. This leads to an iterative algorithm for the determina-
tion of contact regions and stresses in each time step. Previ-
ously published algorithms dealing with dynamic contact
problems can be broadly categorized into two types: the incre-
mental iterative method1"7 and the mathematical program-
ming method.8'10 The present paper belongs to the second
type.

In the static contact analysis, it has been noted that the
algorithms, based upon the parametric quadratic program-
ming technique, can guarantee not only the convergence of the
solution but also the numerical stability.11'14 Therefore, the
purpose of this paper is to extend the parametric quadratic
programming method to accommodate the dynamic contact
problem. According to the parametric variational principle,
the incremental functional with the parametric vector can be
expressed as a dynamic variational functional. In addition, the
relation between the forces and displacements of the contact
interfaces is discussed, and contact element and contact con-
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stitutive model are introduced. By discretizing the variational
functional with respect to time and using the finite element
method, the linear complementary problem at each time step
solving the dynamic contact problem is obtained. In order to
reduce the computer cost, the substructure condensation tech-
nique for determining the unknown contact region is used.

Finally, three numerical examples are carried out to demon-
strate the validity and applicability of the method developed.
These include the contact-impact problem of bars, the beam-
mass-beam system with the initial gap and damping, and the
triangular rigid-punch problem. Favorable agreement between
the present results and referenced solutions is noted.

II. Theoretical Model
Figure 1 shows the contact problem considered with two

contact bodies QI and Q2 (^ = QI + ^2)- Their boundaries can be
decomposed into

o f = l , 2 0)

where r<a) are the parts of the boundaries where displacements
are prescribed. External loads are dynamically applied at F^
and Fj,2) at each time step. In addition to the already-men-
tioned boundary parts, boundaries r*a) (a =1,2) are set on
which the unilateral boundary conditions and Coulomb's fric-
tion conditions are prescribed. For two-dimensional dynami-
cal contact problems, the contact states in rj.a) at each time
step k are classified according to three categories, which are

CONTACTOR

TARGET

Fig. 1 Contact of two elastic bodies.
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defined by inequalities in the contact local coordinate system
O-nr as follows:

1) Free state when the two bodies are separated

Aw - (2)

2) Sticking state when the two bodies are in contact and no
sliding occurs

Aw^-Aw^-

lAw r
(2)-Aw r

(1)l=0,

n(tk_
(3)

3) Sliding state when the two bodies are in contact and
sliding occurs

Awp-Awp+6*(4-i) = 0,

lAw< 2 >-Aw T
( 1 >l>0 , \pr(tk

Pn (tk_ ,) + Apn < 0
(4)

In the preceding expressions, WT
(O:), u^\ and /?T, pn are the

tangent and normal displacements and the tangent and normal
forces with respect to the contact local coordinates, respec-
tively. Terms /* and 6* denote the dynamical friction coeffi-
cient and contact gap, respectively. For symbol convenience,
A(.) indicates the incremental values, and (-)(4-i) and (•)(**)
represent those values at time steps k - 1 and &, respectively.
Thus the following operator relation is valid:

(5)

By choosing the penalty method11'14 the constraint condi-
tions (2-4) are relaxed, so that we have the approximate ex-
pressions for the tangent and normal parts of the interface
force

ment A«£ is defined as that part where the sliding does not
occur. With these assumptions at hand, the sliding contact
displacement Au£ can be determined as follows:

i = n,r (12)

Here, \e = {\\ A2 X 3 ) T is the flow parameter vector, and ge =
[gi §2 83} is the slip potential function vector. Since the
component g/ (/ = 1,2,3) is defined in Eq. (13), it implies that
gi corresponds to the yielding function ff.

g\=Pr

g2 = ~Pr

g3=Pn

(13)

In addition, the contact forcepe
c = (pTpn }T for each contact

element satisfies the following force-displacement relation:

(14)

Thus, the contact force pe
c follows from Eqs. (11), (12),

and (14)

pe
c = Ke

ckue
c - \e$e (15a)

where $e is known as the gradient matrix, which can be
given by

(15b)

0,
-5 (4-i)]>
for free state

for both sticking and sliding states

-^•(AwT
(2)- AwT

(1)), for sticking state
-M* (Pn(tk-1) + &Pn\• sign(AwT

(2)- AwT
(1)), for sliding state

(6)

(7)

Obviously, the interface force depends on a real parameter E,
the so-called penalty factor. To this end, the contact element
can be introduced into the regular, nonlinear finite elements
and has the stiffness matrix Ke

c for incremental contact dis-
placement vector Aw*- In this paper, we employ the super-
script e to denote the quantity in the elemental level

Ke = *°
Aiic

e = {Aw<2) - AwT
(1) Aw <2) -

(8)

(9)

On the other hand, we apply a plasticity-like dissipative
functional approach to model friction and normal contact
phenomenon. Hence, the approach consists of assuming that
three slip (or yielding) functions exist for each contact pair.

/i = Pr + Wn ^ 0
/2 = ~Pr + VPn ^ 0 (10)

Based on a framework for the plasticity theory of friction, the
split of the incremental displacement Aw* on the contact sur-
face is adopted, that is,

Aue
c = Aw; + Awf OD

where Awc
r and Aw^7 are the elastic and sliding parts of Awc

e,
respectively. In fact, the elastic incremental contact displace-

For computer implementation purposes, the yielding func-
tion vector fe = [fif2/3}T, which is given by Eq. (10), requires
linearization via

fe =fe(tk)
°Pc

(16)

By recalling the contact force relation (15), the inequality (16)
can be expressed in the following form:

fe(tk - i) - -ePe
c(

°Pc
< 0

where
dfe dfe

> _ Ke f-fe — K~e

(17)

(18)

It should be noted that the parameter X, (/ = 1,2,3) must
satisfy the following conditions:

0, if// ^ 0
if// = 0

(19)

A complementary problem (20) can be obtained by intro-
ducing the so-called slack variable v, (i = 1,2,3) into Eqs.
(17-19)

if + SeAue
c = H^ + de

(20)
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in which the tolerance vector of the contact element is calcu-
lated by

(21)

The complementary condition (20) represents the following
behaviors at every time step k: 1) the contactor cannot pene-
trate the target body; 2) the contact pressure is negative and
different from zero only if the two bodies are in contact; and
3) the contact pressure and tangential force satisfy Coulomb's
friction law.

III. Finite Element Formulation
Since the sliding contact with friction is a nonconservative

process, an incremental parametric variational principle is
derived in this paper. For both contactor QI and target body 02
as shown in Fig. 1, it is assumed that the variables of the
system are known from the instant t0 up to the instant tk-\.
Further, the variables of the system are separated into two
groups: the state variables such as stresses, displacements,
velocities, accelerations, etc. and the control variables, i.e.,
parametric variables A/ in the complementary problem (19).
Because the instant tk-\ is infinitesimally close to the instant
tk, all governing equations may be linearized with respect to
the increments. Hence, the equilibrium configuration at the
time step k is achieved when the incremental displacement
field minimizes the incremental functional ATT. According to
the parametric variational principle,8'11'15 the parametric vari-
able A/ is treated as a parameter not subject to variation. By
taking the variation with respect to the admissible incremental
displacement field between tk_\ and tk, we have

6A7T=

dO - ,- dO -

dS + Ac7]6Aw, dO +
rc

= 0 (22)

where p, «/, a//, e/,, 5/, />/, and c/ denote material density,
acceleration, stress tensor, strain tensor, body force, traction,
and damping force, respectively. In addition, it should be
pointed out that the variational form of Eq. (22) is subject to
the normal and tangential frictional constraints given by Eqs.
(10) or (17).

In the usual manner for finite element discretizations, the
incremental displacement field is approximated by using an
elementwise separation of variables, so that

i5 = NeAue (23)

where AM* is related to the global matrix of nodal incremental
displcements by the Boolean connectivity matrix Le

AM e = L *AM (24)

It is also convenient to use the assembled shape function
TV, say,

= \jNeLe (25)

Here the structure ft is discretized by ne finite elements and nc
contact elements; therefore, we can write

If we introduce the approximation (26) in variational equal-
ity (22), the problem (22) can be rearranged as the matrix form

r*6A7T = (M[u(tk_ i) + AM] + F(tk_ i) + AF - P(tk_ i)
J ' A r - l

- AP + C [ii(tk _ i) + AM] + KcAM - *A) 6AM dt = Q (27)

To this end, we have introduced the following matrix nota-
tions: M , M, M are the column vectors of nodal displacements,
velocities, and accelerations, respectively; and Mis the lumped
mass matrix, F the internal force vector, P the external force
vector (body forces and prescribed tractions), and C the
damping matrix. Thus, we satisfy

C[ii(tk - 0 + AM] = U
e = 1 J G*

- i) + AC/] dO (28)

when Kc is the global contact stiffness matrix and $ the global
potential matrix, which can be expressed as

•=u (29)

Clearly, the virtual incremental 6AM is arbitrary, which im-
plies that it can be assigned values at will. Because the integral
must vanish for all values of 6AM, Eq. (27) can be satisfied if
and only if the coefficient of 6AM is equal to zero, or

MAM + CAM + AF + KcAu = [P(tk- i)-Mu(tk- 0
- Cu(tk _ 0 - F(tk _ i) + AP] + *A (30)

The internal force AF generated from the incremental dis-
placement AM can be approximated by the multiplication of
the stiffness matrix Kn and AM, say,

AF = KnAu (31)

From Eq. (31), the equation of motion (30) takes the form

MAM + CAM + #AM = R + $A (32a)
with

K = Kn+Kc (32b)

R=P(tk-i)- Mu(tk _ i) - Cu(tk - i) - F(tk _ i) + AP (32c)

IV. Dynamic Contact Analysis
The numerical solution of the dynamic contact problems

with friction is obtained by discretizing the incremental func-
tional ATT with the parametric vector A with respect to time and
space, and by taking into account the initial conditions
u(t0) = M0, u(tQ) = MO, M(/O) = «o- In the following paragraphs
we discuss some aspects concerning the time integration and
show that the solution of Eq. (32) is obtained by solving a
static complementary problem at each time step k.

At first, it should be pointed out that of the existing time
integration schemes only the direct integration method can be
used. In this paper, the Newmark time integration scheme
is adopted with some modifications to accommodate the
dynamic contact problems. Because the variables of the sys-
tem are known from the instant to up to the instant ^-i> we

can compute the displacement and kinematic field at the in-
stant tk as

u(tk) = u(tk„ 0 + [M(tk)-
(33)

AM/ = TV AM (26)
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where /3 is Newmark parameter. If we write Eqs. (33) in the
incremental form, they lead to

.... , AM u(tk - 1) Mfa-i)

AM =

Substitution of Eq. (34) into Eq. (32a) yields for tk-

M C \ Mu(tk.
?A/2 + 2/3A/ / L + 2/5

(35)

For the assembled structure, the complementary problem
(20) can be rewritten as follows:

A,
(36)

where 5, //, and d are the global contact constraint matrix,
contact resistance matrix, and contact tolerance vector, re-
spectively, and they are evaluated by

(37)

Substituting Eq. (35) into the problem (36) results in the
following linear complementary problem:

A,

where

(38)

(39)

(40)

Therefore, the solution of the dynamic contact problem con-
sists of the solution at each time step of the linear complemen-
tary problem (38-40).

V. Solution Method
In the penalty function method, the contact displacement is

computed by dividing the violations of the constraint condi-
tions with a large number E called the penalty factor. Because
we can see from the preceding derivations that the penalty
factor E acts like a modulus, and that it exists in the matrices
associated with the contact element, e.g., 5, $, //, and Kc, the
main difficulty for this method is to select as good a penalty
factor to satisfy the contact constraint as is possible. A poor
penalty may lead to ill conditioning of the direct solution for
the linear complementary problem (38-40). However, a note-
worthy feature is that although the penalty factor E is applied
in the previous sections, it can be eliminated algebraically
in solving the linear complementary problem. This is due to
the use of an asymptotic generalized inverse of the solution
matrix K.

Similarly to the static contact problems, we divide the global
incremental nodal displacement AM into two groups: the AM«

of the noncontact nodes (including those in the contactor
body) and the incremental contact displacement AMC, i.e.,

AM = n AMC ) (41)

Hence the matrices K, 5, and $ and the vector R correspond-
ing to the incremental displacement AM become

S = [0 ESI, (42)

Applying some special technique,11'14 an asymptotic general-
ized inverse of K such as E -* oo can be obtained

K l =
-—Ku

l
(43)

With_ the preceeding generalized inverse and condition
H = S-$ (Refs. 11 and 12), we can establish the following
linear complementary problem without the penalty factor £",
that is,

(44)

where

Rc = R2~

(45)

(46)

It is obvious that the system is condensed to the potential
contact region in Eqs. (45) and (46). In most applications the
contact region is small compared to the domain of the struc-
ture; therefore, it is a fact that the computational efforts for
the dynamic contact analysis can be considerably reduced
because the scale of the problem (44-46) is related only to the
dimension of the incremental contact displacement AMC of the
contact pairs.

Suppose that at time t0 no nodes are in contact. Then the
algorithm of the dynamic contact analysis is implemented in
the following way:

1) Set k = 0, u(t0) - M0, iir(fq) = MO, u(tQ) = UQ.
2) Comp_ute the matrices without the penalty factor 5, $,

K2l,Kn\K22,andKc.
3) Evaluate the force R and form the condensed load

vector Rc.
4) Establish the linear complementary problem (44).
5) Solve the problem (44) by means of the Lemke method.
6) Perform and solve for AM using the equivalent static

problem

/fAM = (47)

7) Compute the nodal velocities and accelerations at the
time step k according to Eq. (33).

8) If k = k + 1, go to step 2.
If the time interval At at each time step k is equal and the

deformation in which the stiffness matrix K does not change is
small, it is not necessary for each time step to make_ the
dynamic condensation. In that case, the computations of S, $,
#21, K U I , K22, Kc at step 2 can be considered constant ma-
trices. In addition, this algorithm is stable and conservative
except for the loss of energy which occurs in the determination
of the time tk_\.
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VI. Verification Problems
To assess the accuracy of the algorithm, three test problems

are analyzed, and results are compared with known analytical
solutions.

Contact-Impact of Two Elastic Bars
In this first test problem we consider two bars colliding with

each other. As shown in Fig. 2, an elastic bar with the initial
velocity 0.1 cm/s collides with another bar rest. Their dimen-
sions and properties are LI, Alf El9 and PI for the bar 1 and L2,
A2, E2, and p2 for the bar 2. Here L/, Ai9 Ei9 and p/ (/ = 1,2)
are the length, cross-sectional area, modulus of elasticity, and
material density, respectively. For verification, the dimensions
of both bars as well as the material constants are shown in
Table 1. These values are consistent with any system of units.
Each bar is discretized into 40 elements, and time increment At
is taken as 0.005 s.

The analytical solution of the contact time is given by CT =
2L(p/E)l/2. Therefore, and according to the given data, CT =
0.2 s. The contact time obtained with the present algorithm is
0.205 s, and the error with respect to the analytical solution is
2.5%. Figure 3 shows the displacements of the contact points
vs time. The results, which were obtained by the direct simula-
tion method5 and Mahmoud et al.,9 are also shown for com-
parison purposes. Excellent agreement can be found.

If we change the modulus of bar 1 to E\ = 49 kgf/cm2, the
displacements of contact points vs time is shown in Fig. 4. The
contact times obtained by Ref. 9 and the present paper are
0.2763634 s and 0.275 s, respectively. As is evident, the change
of E\ extends the contact time.

The displacement signatures of the contact interface be-
tween the two bars (Figs. 3 and 4) show the importance of the
impact and release conditions. The impact condition brings
the contact between two bars, and the displacements of the

Table 1 Constants of identical elastic bars

El, Al and pi

r
L2 E2, A2 and p2

Fig. 2 Normal impact of two bars.

0.05-1

0.03-

0.02-

0.01-

BAR 2 -

0.2 0.4

tune (sec)
a Reference 9 -o- Reference 5 — The present paper

Fig. 3 Transient response of the contact surface for two identified
bars.

Young's modulus, kg-cm^
Length, cm
Material density, kg-cm~3

Cross-sectional area, cm2

100
10
0.01
1

Table 2 Natural frequencies of H structure, Hz

Method
mode

1
2,3
4,5

Analytical
solution
6.9996
240.2
629.7

SAP-IV1

6.8275
233.8
628.8

NDAFEP1

6.8289
233.9
629.8

NAS-JIGFEX

6.8247
234.8
614.7

0.07

0.06

~ 0.05-

J 0.03'
Q,

5 0.02-

0.01
0

0.2 0.6 0.80.4
time (sec)

D Reference 9 -o- References — T h e present paper

Fig. 4 Transient response of the contact surface for two dissimilar
bars.

T
0.875"

0.875"

J,

Fig. 5 Finite element model of an H structure.

0.04

0.03-|

0.02-

tn 0.01-

-0.01-

-0.02-

-0.03-

Beam 1

0.1

t ime (sec.)

Exci ta t ion

0.2

150-

-50-

-100-

-150
0.1 0.2

time (sec.)

Fig. 6 Dynamic response of an H structure at 4-Hz base excitation.
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Excitation
150

I -se-

-100-

-150
0 0.2

time (sec.)

Fig. 7 Dynamic response of an H structure at 3-Hz base excitation.

Table 3 Computation data for triangular
punch problem

Young's modulus, kg-cm-1^"2 £" = 1000
Poisson's ratio *> = 0.3
Material density, kg-cm~3 p = 0.01
Punch angle a = tan ~ 12

Fig. 8 Rigid triangular punch driven into a half-plane.

Initial finite element mesh
L.———————10 cm ———————^

t=0.02 sec.

t=0.01 sec. t=0.03 sec.

Fig. 9 Initial and deformed shapes for triangular punch problem.
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contact pairs are consistent during contact. Once the release
(0.205 s in Fig. 3 and 0.275 s in Fig. 4) occurs, the interface
displacements of bar 2 are greater than those of bar 1, and this
results in the separated displacement curves for Figs. 3 and 4.

Concentrated Mass Between Two Fixed Beams
The second model studied here is an H structure: a concen-

trated mass supported by two contact elements between two
fixed beams as shown in Fig. 5. The dimensions and material
properties are A =0.015 in2, Pm = 7.34 x 10~4 Ib • sVin.4,
El = (1.03 x 107) - (1.125 x 10-6) Ib - in.2, and damping c =
p[ke] = 3.183 x \0~5[ke]. The concentrated mass weighs
1.82 x 10~3 Ib • s2/in., connected to the two beams using a soft
spring and a contact spring. The stiffness of the soft spring is
&0 =1.758 Ib/in. The contact spring with the stiffness
k\. = 175.8 Ib/in. in damping Ci = l x W~2 \b - s/in. is active
when and only when the concentrated mass and the contact
spring are in contact. The gap between the concentrated mass
and the contact spring is taken as 60 = 0.02 in.

The first five natural frequencies are evaluated using the
NDAFEP,1 SAP IV, the available analytical techniques, and
our program NAS-JIGFEX. The results are summarized in
Table 2.

A sinusoidal base excitation with an amplitude 0.1553 g and
frequencies of 4 Hz and 3 Hz are applied to the base of the H
structure. The displacements of the concentrated mass and
two adjacent nodes on the contact spring are presented in Figs.
6 and 7. Similar results were also presented by Tzou and
Schiff1 using a pseudoforce approximation method.

It is already seen that the mass moves opposite to the base
excitation and single contact for 4-Hz excitation and double
contact for 3-Hz excitation within the half-cycle of excitation.
Using the parametric quadratic programming method, it is
guaranteed that the penetration does not occur to the contact
processes because the penalty factor E^<x> is introduced.
Hence, it can be observed that the "no penetration" condition
is satisfied in Figs. 6 and 7.

Triangular Punch Problem
Finally, we consider the application of the algorithm to

problems involving the frictional contact constraint. A rigid
triangular punch is driven into a linear elastic half-plane at
constant velocity V = 100 cm/s (see Fig. 8). The data for this
problem is given in Table 3. Owing to the symmetry, only half

P=65000t
=0.0 (Rcf. 6)

. u =0.3 (Rcf. 6)
X |i =0-0 (Rcf. 5)
- - |I =0.0 (present method)

M- =0.3 (present method)

of the elastic half-plane is modeled by 100 four-node plane-
strain elements, and 11 contact elements are employed be-
tween the rigid punch and half -plane. No body forces and
tractions are assumed to be applied.

In the numerical experiment, both the frictionless case and
the frictional case with /* = 0.3 are examined. Figure 9 shows
the initial finite element mesh and computed deformed shapes
for the frictional case at the selected times. The total normal
contact forces for two cases are displayed in Fig. 10, and the
results are found to be in good agreement with those obtained
by Hughes et al.5 and Kanto and Yagawa.6 Also, as seen in
Fig. 10, the total normal contact force can be approximated to
vary linearly with respect to time. Further, as expected, one
observes that the frictional effect is to reduce the total normal
contact force, although this reduction is small.

VII. Concluding Remarks
A parametric quadratic programming technique for the so-

lution of frictional, damped elastodynamics contact systems
has been presented. It evolves from earlier efforts found in
Refs. 11-15 where the parametric variational principle and its
numerical method are exploited: the parametric quadratic pro-
gramming method solves the elasto-plastic structure,15 the
elasto-static contact,12'14 and the elasto-plastic contact prob-
lem.11 The solution of both the elasto-plastic structure and the
contact problem can be described as a quadratic programming
problem (48) with a parametric vector X.

min[A7r(Ai/)=

Since the parametric vector X satisfies

Xr»(/f X - S Aw + d) = 0, X > 0 (49)

0 0.005 0.01 0.01 0.02 0.02 0.03

Time (sec.)

Fig. 10 Time variations of the total contact forces for triangular
punch problem.

The problem (48) can be treated as a linear complementary
problem. The linear complementary problem can be solved by
a well-known Lemke algorithm. Therefore, no preassigned
tolerances are needed, and no trial solutions in the usual sense
are performed.

The spatial and time discretization of the dynamic contact
problem leads, at each time step, to the solution of the prob-
lem (48). Note that the "trial and error" method can be
applied to the solved problem (48), but convergence to the
correct solution does not occur in all cases. However, the
linear complementary problem is solved with the Lemke
method to a certain accuracy and numerical stability that
guarantees the convergence of the nonlinear problem.

It should be emphasized that the substructure technique is
adopted in the present work. For the dynamic contact prob-
lems, the numerical effort is considerable because of the non-
linear system equations at each time step. The substructure
technique involved in the parametric quadratic programming
method can reduce the computational scale of the nonlinear
systems if nonlinearities are of a more local character.

Although all of the formulations were coded on a Silicon
Graphics computer, we have favored the parametric quadratic
programming method since it is much more inexpensive from
the computational point of view. Moreover, it is easily imple-
mented in an existing program, NAS-JIGFEX. In this paper,
we discussed only one aspect of the dynamics contact analysis
and parametric quadratic programming method. A number of
additional problems on the mechanical as well as on the al-
gorithmic side still deserve further work.
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